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Abstract. In this paper we introduce a vector space of virtual warping func- 
tions that yield Einstein metrics over a fixed base. There is a natural quadratic 
form on this space and we study how this form interacts with the geometry. 
We use this structure along with the results in our earlier paper IHPW3I to 
show that essentially every warped product Einstein manifold admits a par- 
ticularly nice warped product structure that we call basic. As applications we 
give a sharp characterization of when a homogeneous Einstein metric can be 
a warped product and also generalize a construction of Lauret showing that 
any algebraic soliton on a general Lie group can be extended to a left invariant 
Einstein metric. 



1. Introduction 

The study of Einstein manifolds is a vast and difficult problem in differential 
geometry. A general understanding of all solutions is quite far away, so it is natural 
to study certain classes of solutions which are more tractable. In this paper we 
study warped product Einstein metrics. These spaces have also been systematically 
studied in, for example, [Be], [KK], f CSW] . [CMMRj . [MPW l]. [HPW2]. There are 
classical examples such as the simply connected spaces of constant curvature and 
the Schwarzchild metric along with more recent examples constructed in |Be) , |Bol| , 
[B52| . and [LPP] . 

A warped product metric {E,gE) is a metric that can be written in the form 

{E,gE) = (A/ XuF,gM +u^gF), 

where {M,gM) is a Riemannian manifold, possibly with boundary, u is a non- 
negative function with w^^(O) — dM, and {F,gp) is a complete m-dimensional 
Riemannian manifold with no boundary. A metric in this form is a A-Einstein 
metric, Ric^ — Xgs, if 



Ric*^ -I- — Hessu = Xg 



M 



Ric^ = iigp 
uAu+ {m- l)\'Vuf + Xu^ = fj, 

where fi is some constant. See |Bet 9.106]. 
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Motivated by the first equation, given A G M and m G M^, we define the space 
of virtual (A, n + m)-Einstein warping functions as 

(1.1) W = Wx,„+^ (M, g)^\we C°° (M) : Ressw = - (Ric - A.g)| . 

L TO J 

When M has non-empty boundary dM we make the extra assumption that w ~ 
on dM. We will allow all possible real valued solutions to this equation so that 
we obtain a vector space of functions. Note that a non-zero constant is a solution 
if and only if M is A-Einstein, i.e., Ric = Xg. Riemannian manifolds that have 
positive elements in W are also called m-quasi Einstein. 

The calculations in [KK' show that ii w E W then the quantity 

(1.2) fi{w) = wAw + {m~ l)\\7w\'^ + Xw'^ 

is always constant. This shows that if one has a positive function in W, then one 
can always build a warped product Einstein metric with base (Af, g). Algebraically, 
we can also interpret /i as providing a natural quadratic form on the vector space 
W. See section 2.1. 

In this paper we are interested in studying the interaction of the vector space 
{W, n) with the geometry of the manifold {AI,g). To see what information {W,fi) 
encodes about warped product Einstein structures, consider that there may be 
many different ways to write a given metric, gp, as a warped product. A simple 
way in which two different warped product structures could be related is through 
a process we call refinement. 

Definition 1.1. Suppose that a Riemannian metric {E,gE) has a warped product 
decomposition 

gs = gM" + w^gp'" ■ 
If gM has a warped product decomposition of the form 

gM = ge^+u^gp, ueC°°(B,E) 
w = uxv veC°°{F,R) 

then the resulting warped product decomposition of 

gs = gs + (gp + v^gF) 

is a refinement of the warped product decomposition gp = 5m + w^gp- F is the 
refinement fiber. 

Remark 1.2. There is an inverse process to refinement which we call warped product 
extension. See section 4. 

When one has a refinement, it turns out that 

dimiyA^„+„(M",5A/) > dim T4^;,_fc+(fe+„j) (B^ gs). 

For this reason we define the following. 

Definition 1.3. A warped product decomposition 

9E = to" + ui^gpk+m . 

of a A-Einstein metric, gp, is called basic if the space of functions WA,b+(fe-i-m) {B, gs) 
is spanned by w. 
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Remark 1.4. From Proposition 1.7 of |HPW3| . if B has non-empty bomidary then 
the warped product decomposition is basic. In particular, this shows that if E is 
not diffeomorphic to a product manifold, then any warped product decomposition 
is basic. 

We think of a basic decomposition as being a "nice" warped product decomposi- 
tion of an Einstein metric. Our main result is that essentially every warped product 
decomposition of a simply connected Einstein metric can be refined to a basic one. 

Theorem 1.5. Let {E,gE) be a simply connected Einstein metric. Then any 
warped product decomposition of whose base is not a simply connected space 
form admits an refinement which is basic. Moreover, the refinement fiber F is 
either a circle or a simply connected space form. 

Remark 1.6. If the base is a space from there are only two types of exceptional 
examples. One is the Riemannian product and the other are certain metrics with 
hyperbolic base. See Corollary 12. 121 

Remark 1.7. The first step in proving the theorem is to apply a more general warped 
product splitting theorem that we proved in |HPW3| . We then use the geometric 
properties of the Ricci tensor to show that the refinement obtained is basic. See 
Theorem im 

By Remark 1 1.41 any warped product decomposition of the sphere is basic, so we 
could have included it in Theorem 11.51 In fact, the proof of Theorem 11.51 gives us 
a general result in the compact case. 

Corollary 1.8. Let (E^qe) be a simply connected compact Einstein metric, then 
any warped product decomposition of gs is basic. 

Our main application of these theorems is to manifolds with symmetry. The main 
observation is that the isometry group acts on W via composition of functions. This 
indicates that generically manifolds with large symmetry should have large W. On 
the other hand, by taking a basic decomposition, we can reduce this action to one 
with W one dimensional. 

This leads to rigidity. For example, we show that the isometries of the base of 
a basic warped product decomposition always lift to isometries of the total space 
(see Proposition 16. 7p . We obtain more rigidity when the space is homogeneous, 
obtaining a sharp characterization of when a homogeneous Einstein metric is also 
a warped product. 

Theorem 1.9. Suppose that E be a simply connected, homogeneous Einstein man- 
ifold which has a warped product decomposition E = M F with dM = 0. Then 
either 

(1) The warped product decomposition is as product of homogeneous Einstein 
metrics. 

(2) E has a warped product decomposition whose base has constant curvature. 

(3) E is a cohomogeneity one metric of the form 

E = M.X H X M™ 
(1.3) gE = + 5,, + e-^'-^R™ 

where {H,gr) are homogeneous metrics and K is a constant. 
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Case (3) is possible and we constructed such examples in [HP W2J . In this pa- 
per we generalize this construction to allow {H,go) to be any algebraic soliton. 
Algebraic solitons were introduced in [Lal| and have been studied extensively as 
generalizations of Einstein metrics. 

Definition 1.10. A left invariant metric (H,h) on a simply-connected Lie group 
is called an algebraic soliton if the Ricci tensor satisfies the following equation 

Ric{h) +D = XI 

where A is a constant, f) is the Lie algebra of H, and D € Der(f)) is a derivation. 

All algebraic solitons on a simply connected Lie group H are also Ricci solitons, 
i.e. they are fixed points of the Ricci flow modulo diffeomorphism and scaling. See 
section 2 of [La2]. The converse is an open problem, but it is known to be true if G 
is solvable [Ja] . See |Cetc) for an overview of the role of Ricci solitons in the study 
of Ricci flow. 

In |Lal| Lauret shows that a left invariant metric on a nilpotent Lie group is an 
algebraic soliton (nilsoliton) if and only if it has a certain one-dimensional extension 
which is an Einstein metric on a solvable Lie group. We give an extension of this 
result to algebraic solitons which are not necessarily nilpotent. 

Theorem 1.11. Let [H, h) be a left invariant algebraic soliton metric on a simply 
connected Lie group. Then, for any m > 0, there is a homogeneous Einstein metric 
of the form itJ.g)) with go = h. Moreover, the resulting Einstein metric is a left 
invariant metric on a one dimensional extension of a semi-direct product group of 
the form 

H K R"\ 

Remark 1.12. One step in the construction is to show that if one has a warped 
product Einstein metric with homogeneous base, M, then it is always possible to 
build a homogeneous warped product Einstein metric E with base M . See Theorem 

rrfi 

Remark 1.13. In the case where H is & solvsoliton, these metrics are certain stan- 
dard Einstein solvmanifolds of possibly high algebraic rank. See |He[ 4.6B]. 

Remark 1.14. On the other hand, we do not assume solvability in this construc- 
tion. There are no known examples of homogeneous Einstein metrics which are 
not isometric to Einstein solvmanifolds. Our construction shows that if there is a 
left invariant algebraic soliton on a Lie group which is not isometric to a solvable 
group, then there is also an Einstein metric on a left invariant Lie group which is 
not isometric to an Einstein solvmanifold. This would give a counter-example to 
the Alekseevskii conjecture [Be, 7.E]. 

We emphasize that all of these results are proven by studying the vector space of 
functions W\,n+m{M, g) on a complete simply connected manifold. Strictly speak- 
ing, this is more general than the study of warped product Einstein metrics with 
base M, as the parameter m can be any real number and W could contain no 
positive functions. When m is not an integer the equation also has interpretations 
in comparison geometry and optimal transport |Vi) . also see [Cal] and |Ca2| . 

The paper is organized as follows. In the next section we discuss preliminaries on 
the quadratic form /i and the space W on Einstein manifolds and space forms. In 
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section 3 we review the applicable results and definitions from jHPW3| . In section 
4 we discuss the application of these results to Einstein metrics and prove Theorem 
11.51 In section 5 we combine these results with some earlier classification results to 
prove some gap theorems involving the geometry of the base and dim WA.n+m(-^^, 5)- 
In section 6 we consider the action of the isometry group on W . In section 7 we 
study homogeneous bases and prove Theorem 11.91 Finally, in the last section, we 
discuss algebraic solitons and prove Theorem II. Ill 

Acknowledgment: The authors would like to thank Christopher Bohm, Wolf- 
gang Kiihnel, John Lott and Fred Wilhelm for enlightening conversations and help- 
ful suggestions which helped us with our work. 

2. Preliminaries 

In this section we discuss preliminaries and simple examples. First we discuss 
how the space W has a natural quadratic form and how this form interacts with 
the geometry of M. 

2.1. The Quadratic form. The quadratic form fi comes from the observation by 
D.-S. Kim and Y.-H. Kim in [KKj which says that 

(2.1) fi{w) = wAw + {m- l)\Vwf + \w'^ 

is locally constant wherever w > 0, provided w € Wx_n+m {M, g) . This obviously 
also holds when w < and is easily extended to hold even where w — (see 
|HPW1 !). Tracing the equation in (fTTI) yields 

, w , , 
Aw = — (seal — n\) 
m 

and thus the right hand side can be rewritten as follows, 

fi{'w) = (TO-l)lVwpH (seal - (n - to)A) . 

m 

fj, is easily polarized to a symmetric bilinear form on W. In studying fj, we first deal 
with the special case m — 1. 

Proposition 2.1. Let m = 1 and suppose that Wx,n+i{M) ^ {0}, then either 

(1) AI is X-Einstein, 

(2) fi is positive definite, dimW\,n+i{M) — 1, and seal > (n — 1)A and is 
non- constant, 

(3) fi is negative definite, dimW\,n+i{M) — 1, and seal < (n — 1)A and is 
non-constant, or 

(4) fi(w) = for all w £ W and seal — {n — 1)A is constant. 

In cases (1), (2), and (3) the non- zero functions in W\.n+i{M) do not vanish. 

Remark 2.2. We will primarily be concerned in this paper with spaces where 
dimW^ „+i(M) is large and thus case (4) above. In this case the spaces are called 
static metrics. On the other hand, the cases with 7^ can occur. For example if 

gM = dr"^ -I- cos\?{r)gpr.-i 

where F is an (n— 1)-Einstein metric with Ricci curvature — (n— 1). Then cosh(r) e 
I^-n.ri+i(-^^j5Af) a-iid /i is negative definite. 
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Proof of Proposition \2.1\ When m — 1 we have 

/i(ti;) = w"^ (seal — (n — 1)A) . 
If w is constant then M is A-Einstcin. Otherwise, suppose that /Lt(w) 7^ 0, then we 



have 

2 _ m(^) 



w 



seal — (n — 1)A 

showing that and seal— (n— 1)A have the same sign and that w never vanishes. 
This also shows that w is determined up to a multiplicative constant by the scalar 
curvature. This implies that dimVFA,n+i(M) — 1 and the scalar curvature is non- 
constant. Cases (2) and (3) then correspond to the sign choice of fj,. 

Finally, if ^.{w) is zero for some non-zero function w. then seal = (n — 1)A. This 
implies /i(u') — for all w e W . □ 

The interaction of /i with the geometry of M is slightly less apparent when 
m 7^ 1. To study this case, given p g Af, we can localize /i to a quadratic form /ip 
on M X TpM by 

(scal(p) - (n - m)A) 2 , . -.^ ,2 
/x„(a,x) = a -t-(m— . 

TO 

Proposition 1.1 of f HPW3) then gives us the following. 

Proposition 2.3. Let (M", g) he a Riemannian manifold. The evaluation map 

{M, g) , /i) (K X TpM, ^p) , 

w (w;(p),Vw|p) 
is an injective isometry with respect to the quadratic forms /i and fip. 

Proof. This is Proposition 1.1 from |HPW3| with the extra observation that the 
evaluation map preserves the forms. □ 

Remark 2.4. Proposition l2.3l implies that W is finite dimensional and dimWA,n+m(-^^) < 
n+ 1. We emphasize that this result is true locally and M can be taken to be any 
connected open subset of a Riemannian manifold. 

When m 7^ 1, it is convenient to normalize fi to p, — , so that 

(2.2) fi{w) = Ku? + |Vwp 
where 

seal - (n - to)A 

(2.3) K= . 

m(TO — 1) 

Then the evaluation map still preserves and its localization fip which is now clearly 
either positive definite, nonnegative definite with nullity 1, or nondegenerate with 
index 1. 

Definition 2.5. Let m 7^ 1 and suppose that {AP\g) has W\^n+m{M) 7^ {0}. 
Then M is called elliptic, parabolic, or hyperbolic if the vector space (Wx^n+m{M), ft) 
is positive definite, semi-positive definite with nullity one, or non-degenerate with 
index one. 



Now we can make some basic statements about the interplay of /i with the space 
W in the case where m 7^ 1. 
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Corollary 2.6. Let {M,g) he a Riemannian manifold andw G Wx.n+m {M,g) with 
m 7^ 1, then the following holds. 

(1) If jl{w) < 0, then either w is trivial or never vanishes. 

(2) If p, (w) > and k{p) < for some p G M , then Vw|p 7^ 0. 

(3) // fl (w) > and k{p) < for some p G M , then Vwjp 7^ 0. 

(4) // k{p) > for some p G M, then jl is elliptic. 

(5) If K < on M and k{p) — for some p G M, then fl is either elliptic or 
parabolic. 

(6) If K < on M, then pL has index < 1, nullity < 1, and they cannot both be 
1. 

2.2. Einstein metrics and spaces with constant curvature. Now we turn to 
the simple examples which figure prominently in our structure theorem, spaces with 
constant curvature. In fact, it is natural to also consider more generally Einstein 
metrics. 

The first case is when M is A-Einstein. Then W\^n+m{M) contains constant 
functions. In general W can be larger, but only in a very specific case as we show 
in the next proposition. 

Proposition 2.7. Suppose that {M,g) is a complete X-Einstein metric. Then 
either 

(1) Wx^n+miM) is the space of constant functions, or 

(2) \ — 0, AI = B X R'^ where B is Ricci fiat, and W\^n+miM) consists of 
constant functions and linear functions on the K*^ factor. 

In particular, in the second case we have dimW\^n+m{M) = fc + 1. 

Proof. When M is A-Einstein, the warped product Einstein equation (jl.ll ) is just 
Hess(w) = 0. If there is a non-constant function w, then the metric splits as a 
product with R and w is a linear function on the M factor. In particular, this shows 
that A = 0. Now we can apply this iteratively to get the splitting by M''. □ 

We now turn our attention to Einstein spaces which have Ricci curvature p 7^ A. 
We will see that there are examples of such spaces which have large dimensional 
W\,n+m{M). The first observation is that the Einstein constant p is determined by 
A, n and m. 

Lemma 2.8. Let p 7^ A. If M is p-Einstein with W\^n+miM) 7^ {0}, then A 7^ 
and 

p = A. 

n + m ^ 1 

Proof. When m — I, since M has constant scalar curvature, we are in case (4) of 
Proposition 12. H showing that seal = (n — 1)A and thus p = ^"^"'"-''^ . 

When m 7^ 1 Lemma 3.2 of |CSW| tells us that when M has constant scalar 
curvature Vw must be an eigen-vectorfield for Ricci with eigenvalue 

{n — 1)A — seal 
TO — 1 

Applying this in the Einstein case gives us that 

(n — 1)A — np 

P = A 

which implies the formula. □ 
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Using this lemma, w € Wx^n+miM) on a p- Einstein metric if and only if 

Hessw = g 

m 



-Kg 



where we define 



and 



At = — when 



m 



X-p 



when n > 1. 



m n — 1 

When TO 7^ 1, this k agrees with the more general definition of k given in (|2.3p . 
This equation leads to a classification of the metrics which are Einstein and have 
W\^n+m{M) ^ {0}. See section 1 of |HPW3| for a discussion of one dimensional 
examples. Here we will concentrate on the classification for p-Einstein metrics with 
dimension greater than 1. These examples have already been discussed in [BGj, 
[CSW] . [HPWIJ. 

Proposition 2.9. Let {M'^,g) he a complete p-Einstein Riemannian manifold with 
p^ X, n> 1, and W\ (M) + {0}. 

(1) // A > then 

g = dr^ + - sin^(yKr)gs,.-i 

w — cos(a/k7') 
p(w) — (m — 1). 

(2) If X < then there are three possibilities 

(a) 

g = dr^ H sinh^ {V~i^r)g§n. - 1 



w = cosh(\/— Kr) 
p,{w) = -(to-1), 



(b) 



dr^ H cosh'^{\/--Kr)gNn- 

— K 



w = sinh(%/~Kr) 
p(w) = (to — 1), or 



(c) 



5 = dr^ + e^^V" 



= 0. 

Here S"^^ denotes the sphere with Ricci curvature in — 2), F"^^ denotes a Ricci 
flat metrics, and N"^^ denotes an Einstein metric with Ricci curvature — (ri — 2). 
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Remark 2.10. In cases (1) and (2. a) the metric must be a sphere or hyperbohc 
space. In cases (2.b) and (2.c), if F is chosen to be EucHdean, or N chosen to be 
hyperbohc, M is again hyperbohc. When or _F is chosen to be a different metric 
we obtain Einstein metric which does not have constant curvature. 

Remark 2.11. Note also that this proposition teUs us that a p-Einstein metric with 
W\.n+rn{M) ^ {0} and m 7^ 1, where additionaUy A and jl have the same sign is 
forced to be a space form. 



Proof of Proposition \2.!A From the discussion above we have 

Hessw = —Kwg. 

Then we obtain from |Be| 9.117] that w ~ w{r) and 

gM = dr^ + {w'{r)f'gN 
w"{r) = —Kw 

where r £ I for some interval /, and N is an Einstein metric, with Einstein constant 
to be chosen. For 17 to be a smooth metric we can see that the warping function 

w' is a solution to the equation which is positive on the interior and vanishes on 

the boundary of /. 

When / is a closed interval, we can see that / = [0, -^], and 

w' ~ Csmi^fKir). 
We normalize so that C = -k=. Then 

w'" 

Ric(9r, 9r) = — (n— 1) = — (n— 1)k = p 

w' 

Ric(X, Y) = {v- w'w'" - (n - 'i){w" f)gt^{X, Y) 
' (y- (n- 2))k 

So we can see that v = [n — 2) with this normalization. A similar analysis holds 
when w' is taken to be the other one-dimensional solutions which gives the other 
cases. □ 

The classification of W{M, g) in the Einstein case gives us the following corollary 
that addresses the exceptional case when M is a simply-connected space form in 
Theorem 11.51 

Corollary 2.12. Let {E,gE) be a simply- connected X-Einstein metric with warped 
product decomposition 

E ^ Ar X F™ gs^ g + w^gp- 

Suppose {M,g) is simply- connected space form. Then either w is a constant, or 
{M^,g) has constant curvature n = < and one of the followings holds. 

(1) [F'^^gp) has Ricci curvature — (m— 1) and 

w{r) = C cosh (^/"^^) , 
where r is a smooth distance function on M and C is a constant. 



+ p]gMiX,Y). 
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(2) [F'^^gp) is Ricci flat and 

w{r) — C exp (\/— Kr) , 

where r is a smooth distance function on M and C is a constant. 

Proof. It follows from Propositions 12 . 71 and 12.91 and positivity of w. □ 

We now discuss simply connected spaces with constant curvature. 

Example 2.13 (Metrics with constant curvature). Let n > 1. Suppose that M" 
has constant curvature with Ric = pg. Fix constants A and m and then we have 

(1) If M is a sphere there are three cases, if p 7^ A and p 7^ A then 

W = {0}. While, it p — X, then W is one dimensional and contains 
constant functions. Finally, ii p = .. A then 

W — {C cos{\/Kr) : r is the distance to a point} . 

In this case p, is elliptic when m 7^ 1. The zero set of w £ W — {0} 
is an equator with the critical points being is a pair of antipodal points. 
In particular dimW^ — dimM + 1. A natural orthonormal basis for W is 
obtained by fixing a point p € M and selecting wq such that 

Wo [p) = and Vwolp = 

and the rest such that 

Wi (p) = for i = 1, ...,n 



Vw,;|p form an o.n.b. for TpM. 

(2) If Af is flat there are two cases. U p ^ 0, then W = {0}. While if p = 0, then 
W consists of constant and linear functions. In particular, M is parabolic 
when m 7^ 1. When p.{w) > then w is proportional to a Busemann 
function, i.e., w (x) — a ■ x + b, a ^ 0, m particular the zero set of w is 
a hyperplane and there are no critical points. The nullspace consists of 
constant functions. Again we see that diniVF = dimAf + 1. 

(3) If M is a hyperbolic space there are also three cases. If p 7^ A and p 7^ 

1 A then W — |0|. While if p = A < 0, then W is one dimensional 
containing constant functions. Finally if p 7^ n+m^-i ^ then p, is hyperbolic 
when m 7^ 1 . is divided into the three regions of space like, light like, or 
time like vectors according to the sign of p. When p(w) > 0, the zero set of 
w is a smooth hypersurface and w has no critical points. When p(w) — 
both the zero set and the critical point set are empty. When p{w) < 
then the zero set is empty and the critical point set is a single point. Again 
dimly = dimAf + 1. We can find an orthonormal basis Wi, i = 0, 1, ...,n 
with respect to p where wq is time like and the rest space like. First fix 
p €z A'l and then select wq such that 

^0 (p) = —j= and Vu>o|p = 
V— K 

and the rest such that 



(p) = for i = 1, • • • , n, 
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^Wi\p form an o.n.b. for TpM. 

Remark 2.14. Thus we see that, when n > 1 and M is a simply connected space of 
constant curvature then either W is empty, has dimension one, or has dimension 
dim M + 1, and which situation we are in is completely determined by the curvature. 
Note that when n — 1 we have additional non-simply connected examples with 
dimW = 2 on the circle. See [HPW31 Example 1.10]. 

3. The warped product structure 

In this section we discuss the main theorems from [HPW3| which we will apply 
to obtain the results listed for (A, n + m)-Einstein metric, see Theorems 13.11 and 
13.41 The results of that paper are valid for any space of functions of the form 

(3.1) W{M ■,q) ^{w: Ressw = wq} 

where q is any smoothly varying quadratic form on the tangent space of M. For 
the (A, n + m)-Einstein equation p.ip we have 

(3.2) q = — (Ric - Xg) . 

m 

The warped product structure is built up from a natural stratification of the 
manifold (M, g) coming from the zero set of functions in W. Recall that 

(3.3) Wp = Wp (M, g)^{we Wx^n+^ (M, g) : w (p) = 0} . 

Clearly Wp C W has codimension 1 or 0. The singular set S C M is the set of 
points p € M where Wp — W, i.e., all functions in W vanish. The regular set is the 
complement. 

Assume that dimVF > 1. On the regular set, we defined two orthogonal distri- 
butions, the distribution J- as 

(3.4) Fp = {Vw -.w^Wp}, 
and B is its orthogonal complement, i.e., 

TpM = Jp ® Bp, for aU p e M - S. 

Let k — diniWp = dimM^ — 1 and b — n ~ k. It follows that J-p has dimension 
k and Bp has dimension b. In [HPW3] we showed that these two distributions are 
integrable and the integral submanifolds gives us the warped product structure on 
(M,.g). 

Theorem 3.1 f |HPW3j ). Let 1 < k < n — 1 and {M'^,g) he a complete simply 
connected Riemannian manifold with dim = k + 1, then 

M = BXuF 

where u vanishes on the boundary of B and F is either the k-dimensional unit sphere 
S*^ (1) C M*^"*"^, k-dimensional Euclidean space M*^, or the k-dimensional hyperbolic 
space . In the first two cases k>\ while in the last fc > 1. 

Remark 3.2. Lemma 1.4 in jHPW3j also tells us that \i k — n, then the manifold 
must be a simply connected space form. 

Remark 3.3. From the construction of the warped product, we also know that the 
regular set is diffeomorphic to int(i?) x F and that on the regular set B — TB and 
F ^TF. 



VIRTUAL EINSTEIN METRICS 



12 



From Theorem l3.1l we have a Riemannian submersion, tti : M ^ B and B and J- 
define the horizontal and vertical distributions of the submersion respectively. We 
denote the projection M — > F by 7r2 . In the following, we use X, Y, . . . and U,V, . . . 
to denote the horizontal and vertical vector fields respectively. 

We determine the space W\^n+m{M) in terms of the base B and fiber F. First 
note that for any two vectors X,Y ^ B we have 

(Ric- Ag) (X,Y) = Ric^(X,Y) ~ - (Hesssu) (X,Y) - XgB(X,Y). 

u 

From }HPW3[ Corollary 4.2] we know that 



which imlies 



qIb — — HessBit 



— Hess^M = — - — (Ric^ — Xgn) 
u k + m 



i.e., on the base [B^gs) we have 
(3.5) qe = jrr- (I^i'^'' - ^9b) 



and u e T^A,&+(/c+m) (^5 .9s)- The (A, + (fc + m))-Einstein structure on B defines 
a quadratic form fj.B &s 

(3.6) fiB{z) = zAbz+ {k + m-l)\\/z\% + \z^, ioi z e Wx^b+{k+■,n)iB,gB)■ 
Theorem 3.4. Let M = B Xu F as in Theorem \3 . 1\ Then we have 

u G Wx.b+(k+ni){B,gB) 

and 

Wx,n+m(M,g) = {itI{u) ■tt*2{v):v£ W^^B(„),fe+m(-F,5F)} • 

Proof. From Theorem B, or Theorems 5.2 and 5.3 in |HPW3) . we only have to show 
that 

(3.7) m ({a + tTq)u^ - |Vu||) ^ - ^iB{u), 

where a is the Ricci curvature of M on and is the Ricci curvature of the space 
form {F^gp)- From the warped product structure M = B F we have 



,2 



iABU+{k- 1) \Vu\g ^ 



au^ + pb{u) — \v? — m |Vu|^ — p^ . 
Since q = (Ric — Ag), we have 

m (trq) = seal — nX. 
So the equation p.7p we want to show is equivalent to the following one 
(3.8) seal = (n - 1)A - (m - l)a. 

When m = 1 we are in the case (4) of Proposition 12.11 and thus we have seal = 
{n — 1)A. When m ^ 1 for any function w G Wp we have 

,^ N (n— 1)A — seal 

Ric Vw = -^^ Vw, 

m — 1 
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see [CSW] or |HPW1) . It follows that 

{n — 1)A — seal 
m — 1 

In either case one easily see that the equation (|3.8p and then p.7p hold. □ 
Remark 3.5. Note that on the warped product M ~ B Xu F we have 

uAu = uAbu + k |Vm|^ . 
It follows that = iib(u). 

4. Warped product extensions 

In this section we consider the examples from a general warped product and 
study the space Wx^n+m{M, g), see Theorem 14.31 Then by using Theorems 13.11 and 
13.41 we prove that for a {X,n + m)-Einstein manifold, the warped product splitting 
is a special kind of warped product that we call an elementary warped product 
extension, see Theorem 14. 141 In terms of the Einstein metric on the total space, E, 
this will gives us Theorem 11.51 

Let {B'', gs) be a Riemannian manifold which may have boundary and u : B 
[0, oo) be a smooth function with u"^(0) — dB. Let {F^^gp) be a complete Rie- 
mannian manifold and M — B F with g ^ gs + u^Qf be the warped product 
which satisfies the (A, n + TO)-Einstein equation p.ip . Note that we do not assume 
that dmiW\^n+m{M ^ g) = k -\- \ and the warped product splitting of M does not 
necessarily follow from Theorem [33] We use the notations of Riemannian submer- 
sion M — >■ i? as in the previous section. We start by recalling a lemma about the 
splitting of functions on a warped product. 

Lemma 4.1 ( |HPW3| ). Ifw.M^M. satisfies 

(HesSgw)(X, [/) = 

for all X eTB andU e TF, then 

w = 7rJ'(z) -I- 7r*(u) • 7r2(u) 

where z : B M, v : F M. are smooth functions. 

Remark 4.2. Note that this decomposition of w is not unique as we can replace z 
by z -1- au and v by v — a for a constant a and still get a valid decomposition for w. 

This allows us to compute the space W\^n+m{M) for a general warped product 
metric. In the following theorem, we relax the definition of W^a. b+(fe+m) (^j 5-b) to 
allow for solutions z that may not vanish on dB when B has non-empty boundary. 
The computation breaks into a number of cases. 

Theorem 4.3. Let M — B Xy^ F be a warped product with notations as above. 
(1) Suppose u £ W^A.ti+(fc+m)(-S,.gs). Then we have 

(l.a) If F is Einstein with Ric^ — rn-^k-i l^Biu) and ^b{u) 7^ then 
W\^n+m{M) is the space of functions 

ttUz) + Trl{u)Tr*{v) 

where z G WA,&+(fc+m) (-S) with [Ib{u,z) = and v £ W"^s("),fc-i-m(-F). 
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(l.b) // F is Einstein with Kic^ = m+k-i t^siu) and plb{u) = 0, then 
W\^nj^.m{M) is the space of functions 

nliz) + Tr*{u)Tr*iv) 

where z G WA.fc+(fe+m) and v satisfies 

Resspv = -fiB{u,z)gF. 

m + K — 1 

(l.c) If F does not satisfy Ric^ = ip^^fjT^t-i-Biu), then Wx^n+miM) is the 
space of functions 

7r*(w)7r*(w) 

where v G VF"^B(«),fc+m 
(2) Suppose u ^ VKA.(,+(fc+m)(-B, (/b)- Then we have 

(2. a) If F is a -Einstein, then W\^n+m{M) consists of functions of the form 

where z : B satisfies 



HessB2; = — ( Ric^ Hesssit — Ag^ 

m \ u ' y 

gB{yu,Vz) = — (a ~ {uAbu+ {k~ l)\Vu\% + Xu^)) . 
um 

(2.b) If F is not Einstein, then W\_n+miM) — {0}. 

Remark 4.4. In the case where B has boundary, note that a function 7r^(z) is a 
smooth function on i? x„ F if and only if z satisfies Neumann boundary conditions, 
i.e., las =0 where is a normal vector field of dB. 

Remark 4.5. As we saw in Theorem 13.41 the more interesting case for us is case (1) 
where u e Wf,^i^u),k+m{F, 9f)- 

Proof. The Ricci curvatures of a warped product are given by, 

{Ric - Xg){X,Y) = mc^{X,Y)--{UessBu)iX,Y)-\gBiX,Y) 

u 

[Ric - \g){X,U) = 

{Ric-Xg){U,V) = Ric^(C/,F) - (mAbm+ (fc- l)|Vu|| + Au2)5j,([/,T/). 

If w e W\^n+m{M) we see that the hessian splits along the warped product and 
thus, from Lemma [4.11 we have w = t^i{z) + t^i{u) ■ 7r2(w) for some functions z on 
int(i?) and v on F. We can also assume that z is not a non-zero multiple of u. 
Multiplying the last set of equations by ^ , we have 

— {mc-Xg){X,Y) ^ —\Ric^{X,Y)--{mssBu){X,Y)-XgB{X,Y) 
m m \ u 

+ — f Ric^(X,y) - - {}iessBu){X,Y) - XgBiX,Y) 
m \ u 

— (Ric - Ag) (t/, F) = — [Ric^ {U,V) - (u/^^bu + [k - l)\Vu\\ + Xu^)gF(U,V)) 
m m 

uv 



k 



— (Ric^ ([/, V) - {uAbu + [k - l)\Vu\l + ^u^)gF{U, V)) 
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The hessian of w is 

(Hessw)(X,y) v{}lessBu){X,Y) + {}iessBz)iX,Y) 

(Ressw){U,V) = u(HessFv)iU,V) + uv\Vu\%gFiU,V) + ugB(yu,Vz)gF(U,V). 
Equating the horizontal equations gives us that 

(llessBz)(X,Y) ~ — (mc^(X,Y) - -(RessBu)(X,Y) - XgB(X,Y) 
m \ u 

(4.1) = — ( Ric^{X,Y) - !!^-L^{RessBu){X,Y) - XgB{X,Y' 

m \ u 



Note that the condition u E Wx,b+{k+m} (B) is exactly satisfied if the following 
quantity 

Ric^{X,Y) - ^^^-i-^(HesSi3u)(X,y) - \gB{X,Y) 
u 

inside the parentheses on the last line is identically zero. If there is a point in 
int(i?) where the quantity is non-zero, we can fix that point and let y £ F vary. 
The only quantity in the equation (|4.ip which changes with y \s v. This shows that 
if M ^ W^A,fc+(fc+m) (^)) then v must be constant. Then we can write w = i^i{z) for 
a possibly new function z and thus v — Q. The equations on horizontal and vertical 
directions then become 



z 



Hess^z = — Ric Hess^u — Ag^ 

m \ u 

gB{'^u,Vz) = — (Ric^-(wABM + (fc-l)|Vu|| + AM^)). 
ura 

The second equation above tells us that either Ric^ is constant or z = 0, and we 
are in cases (2. a) and (2.b). 

Next we assume that u G Wxi,^(]^^ra){B)- Then the horizontal equation (14. ip 
becomes 

(HessBz)(X,y) = -(HessBw)(^,>") 
u 

which shows that z G WA,6+(fe+m) (^)- In this case note that the quadratic form 
HB on Wx,b+(k+m){B,gB) is given by 

IMb{z) = Z/^BZ + (fc + TO - 1) |Vz|^ + \z^. 

Moreover, since m + k— 1 > 0, we have a well defined J1b{z) = m+k\ • '^^^ vertical 
equation is then 

u{mssFv){U,V) = -ugB{Vu,Vz)gF{U,V) + — (mc^{U,V)-^jLB{u)gF{U,V)) 

TO 

+z\Vu\lgF{U, V) + ^ (Ric^([/, V) - fiBiu)gF{U, V)) . 
Dividing u on both sides yields 

(HessFv) (U, V) = -.gs(Vu, Vz)gi.([/, V) + — (Ric^(?7, V) - fiB{u)gF{U, V)) 

um, 

+ -\Vu\lgF{U, V) + - (Ric^([/, V) - iiB{u)gF{U, V)) 

U TO 

^ ^ (Rir^^ 

U TO 



= -nB{u, z)gF{U, V) + -- (Ric^([/, V)-{k- l)flB{u)gF{U, V)) 



+ _ (Ric^((7, V)-{k + m- l)flB{u)gF{U, V)) 

TO ^ ' 



VIRTUAL EINSTEIN METRICS 



16 



Fixing a point in F and letting this equation vary over B shows that, either 2 is a 
constant multiple of u, or gp is (fc — l)/iB(u)-Einsteiii. Since we picked z so that it 
is not a non-zero multiple of u, this shows that if Ric is not equal to (fc — l)flB{u), 
then z = and 

HesSi^w — — (Ric^ — {k + m— l)p,B{u)gF) 
m 

which gives us case (l.c). If Ric^ = (fc — l)fiB{u)gF, then we have 
HessFW + ~ ^ftsiu, z)gp. 

If p-siu) 0, then by adding some a constant Q!(with P.b{u, z) = aflB(u)) to z and 
subtracting z by au we may assume that flsiu, z) — and then we have 

HessFW = ~P'B{u)vgF, 

which gives us case (l.a). Otherwise we have P,b{u) — 0, i.e., {F,gp) is Ricci flat 
and 

HessFt' = —p-siu, z)gF 
which is case (l.b). □ 

We are now ready to discuss elementary warped product extensions. First we 
require a few definitions. 

Definition 4.6. Let {B^,gB) be a Riemannian manifold. Then {B,gB,u) is called 
(A, k + m)-hase manifold if W"A.6+(fe+m) (^7 5s) = span{M} is one dimensional. 

In the case when B has non-empty boundary, there might be solutions to the 
equation Hessz — -frp^ (Ric — Xg) that do not vanish on dB. Such solutions are 
referred to as solutions with Neumann boundary conditions, see |HPW3| Definition 
1.6]. The space of these solutions is denoted by {W\_b+{k+m){B,gB)) j^- 

Definition 4.7. A (A, fc + TO)-base manifold {B'',gB,u) is called irreducible if 
{Wx,b+ik+m)iB,gB))j,^{0}. 

Remark 4.8. When dB = 0, every base manifold is irreducible. When dB 7^ 
there are base manifolds which are not irreducible, see Examples 1.11 and 1.12 in 
|HPW3| for one dimensional case. 

Remark 4.9. Comparing this definition with Theorem l4.31 we can see that if {B,gB,u) 
is an irreducible base manifold and M = B x^F then W\^n+m{M) consists of func- 
tions of the form 7tI{u)it2{v) where v satisfies a certain equation on F which is 
determined by (J-bIu) and the geometry of F. 

The nicest choice of F is the appropriate space form. 

Definition 4.10. {F'' , gp) is called the fiber space corresponding to the (A, (fc-f-m))- 
base manifold {BjgB^u) if it satisfies the following conditions. 

(1) When k > 1, i^*^ is the complete simply connected space form with sectional 
curvature 

(2) When k = 1 and 9S = 0, F = M. 

(3) When k = l and 95 ^ 0, = is the circle with radius 




m 
1^b{u) ' 
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Remark 4.11. When fc > 1 from Proposition 12.91 and Example 12.131 we see that a 
fiber space always has dimWfj^^ i^u) .k+m{F) = k + I. When fc = 1 this is also true 
and follows from Examples 1.9 and 1.10 in |HPW3| . 

A base manifold with a appropriate fiber space gives us 

Definition 4.12. Let {B^^gB,u) be a (A,fc + m)-irreducible base manifold and 
let the fiber space corresponding to {B, gB,u). The k- dimensional elementary 
warped product extension of B is the metric M = B Xu F. 

Note that when the boundary of B is empty, the metric on the extension is 
always a smooth metric on the product B x F. When B has non-empty boundary 
we have 

Proposition 4.13. Suppose that {B,gB,u) is (A, k + m)-base manifold with dB ^ 
0, then the elementary warped product extension of B is a smooth Riemannian 
manifold. 

Proof. Since u = on dB we have 

^b(u) = uAu + (m + fc - l)|Vu|^ + Au^ 
= (m + fc-l)|Vup. 

Since fc > 1, it follows that iib{u) > 0, and that |Vup is constant on dB which is 
equal to . This shows that F'' = S*^ has the correct size to make M — Bx^F 

a smooth metric. □ 

Now we strengthen the statement in Theorem 13.11 and show that the warped 
product structure on AI is elementary, i.e., B is an irreducible base manifold. 

Theorem 4.14. Let 1 < fc < n—l and suppose that {M" , g) is a simply connected, 
complete Riemannian manifold. Then dimW\,n+m{M, g) = fc + 1 > 1 i/ and only 
if M is the k-dimensional elementary warped product extension of a (A, fc + m)- 
irreducible base manifold (B,gB,u). 

Before proceeding to the proof of Theorem 14. 141 we show how to derive Theorem 
11.51 from this theorem. 

Proof of Theorem \1.5l Consider a warped product decomposition of a a simply con- 
nected Einstein metric where the base, (M, gM) does not have constant curvature. 
Lemma 1.4 in [HPW3j tells us that 1 < dimW\^n+m{M) < n. If M has non-empty 
boundary, then Proposition 1.7 in |HPW3| (or see Remark 11.41 in this paper) tells 
us that we already have a basic decomposition. So we only need to consider the 
case where M has no boundary. Then, since E is simply connected, so is AI. By 
Theorem l4.14i AI is an elementary warped product extension of an irreducible base 
manifold. The corresponding elementary refinement then gives the basic warped 
product structure on E. □ 

We break the proof of Theorem 14.141 into two parts. First we show that the 
elementary warped product extension of an irreducible base manifold is an example 
of the structure given by Theorems 13.11 and 13.41 see Proposition 14.151 Then we 
show that the warped product structure in Theorem 13.11 is always an elementary 
extension of an irreducible base manifold, see Proposition 14. 161 
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Proposition 4.15. Let (M,g) be the k- dimensional elementary warped product 
extension of a (A, fc + m)- irreducible base manifold [B,gB,u), then W\.n+m{M) 
consists of functions of the form 

where v € Wfj_g(^u),k+m{F)- particular, dhnWx.n+m{M) = fc + 1 and the regular 
set is diffeomorphic to int(i3) x F . Moreover, on the regular set we have B = TB 
and J- ~ TF. 

Proof. If iib{u) 7^ we are in case (l.a) of Theorem 14.31 and, since u spans 
Wx,b+(k+ni){B), we have that w = ■Kl{u)iTi,{v) and v G W^,^(u),k+-m{F). 

If hb{u) — 0, then we are in case (l.b) of Theorem 14.31 Recah that if dB ^ 
then fisiu) 7^ 0. So in this case we know that the boundary is empty and that 
F = K'^. Since is a (A, + m)-irreducible base manifold, we can only choose z to 
be constant multiple of u and so Theorem 14.31 gives us that 

w = ^{{u) (C + 7r2(w)) 

where w is a linear function. From Example l2.131 the space WQ^k+m{^^) is spanned 
by constant functions and linear functions. This shows that v — v+C € W^g^u).k+m{F) 
in this case as well. 

Now, since we know that every function in W>,n+m(-^^) bas the form 7r*(w)7r2(w) 
for some v S W^^B(«),fe+m(^) ^'Hd u vanishes on dB, the regular set is contained in 
int(i?) X F. Moreover, since F has the property that for every x e F there is a 
V e W^iB(M),fe+m(-P") with v{x) 7^ the regular set of M is exactly int(_B) x F. 

On a regular point {x, y) e int(_B) x _F we have 

W{x,y) = {7r5'(u)7r2(w) -.V eWy^ W^^(u),k+m{F)}. 

This implies that \i w ^ W(^x,y) then 

u[x) 

Since TyF is spanned by vector fields Vv\y for v £ Wy, it follows that F = TF and 
then B = TB as B is the orthogonal complement of F. □ 

Conversely, we show that these give us all examples in Theorem 13. II 

Proposition 4.16. Let k > 1 and suppose that Af" = B^XuF'^ be a warped product 
manifold such that dimW\^n+m{M) = k+1. Assume further that the regular set is 
diffeomorphic to int(i3) x F and on the regular set we have B = TB and F — TF. 
Then {B,gB,u) is {X,k + m) -irreducible base manifold and M is the k-dimensional 
elementary warped product extension of{B,gB,u). 

Proof. First from Theorem 13.41 we know that u G Wx^i,+{k+m){B) and the space 
W\^n+miM) consists of the function 

ttI{u)tt2{v) for V £ 1^"^^ («).fc+m 

Next we show that F is a fiber space. We already know that F is a space form, 
so we just need to show that the Ricci curvature is j^^^^^^Biu) when k > 1. 
The conditions when fc = 1 for F of being a fiber space are then forced by the 
simple connectivity of M and the smoothness of the metric B Xu F. If the Ricci 



VIRTUAL EINSTEIN METRICS 



19 



curvature is not „i'^f}^i l^B{u) then by case (l.c) in Theorem 14. 3[ W{M) is the 
space of functions 7r*(u)7r2(w) for v G T^^B("),fe+m(-^)- However in this case we 
know that dim W^^(„)^fc+„j(F''') < fc + 1 by Example I2.13[ which contradicts that 
dimT^(Af) = + 

Now we are in cases (l.a) or (l.b) of Theorem l4.3l In the following we show that 
B is an irreducible base manifold. We argue by contradiction. 

Assume that B is not an irreducible base manifold. Then there is a function 
z S M^A,6+(*:+r?x)(^) which is not a scalar multiple of u which pulls back to a 
smooth function 7r^(z) on M. By multiplying z be a proper constant and picking 
X € int(-B) appropriately we can assume that u{x) — z(x) ^ 0. From the form of 
the solution spaces in Theorem 14.31 we then obtain two functions in W\^n+m{M) 

Wi — nl{u)TT2{v) W2 = T^liz) + Tr^j" (M)7r2 (w) 

where v,v : F are appropriately chosen functions. Pick y (z F with v{y) ^ 
and consider 

W2(x,yW'Wi — 'Wi(x,yWw2 = ^^^^'^'^ V^v + z{x)v{y)Vu + u{x)v{y)v{y)Vu 

u(x) 

~u{x)v{y)V z — u{x)v{y)v{y)V u — vV^ v 

"S/^ V — v'S/^ V + z{x)v{y)Vu — u{x)v{y)'^ z. 



W2{x,y) p p 



u{x) 

Note in the above we identify functions and vector fields on B with their lifts on 
M. Since 

W2{x,y)yWl\(,^^y) - Wl{x,y)Vw2\(x,y) e J^[x,y), 

the fact that F — TF implies that 

v{y) {z{x)Vu\x - u{x)Vz\x) = 0. 
Since u{x) = z{x) ^ and v{y) ^ this implies that 

VU\X = Vz|j;. 

As u,z g WA,b+(/c+m) (5): by Proposition 12.31 this implies u = z everywhere on 

int(i?). It gives us the desired contradiction and thus B is an irreducible base 

manifold. □ 

This completes the proof of Theorem 14.141 Finally, we also show how the qua- 
dratic form n on an elementary warped product extension can be computed from 
the quadratic form on F. 

Proposition 4.17. Let (M^^g) be the k- dimensional elementary warped product 
extension of a {X,n + m) -irreducible base manifold {B, gB,u). Then 

^M(7ri(u)7r2(w)) = Hf{v) for any v E VF"^B(«),fc+m(-P',5F)- 

In particular, if m ^ 1 then fiM =0. // m > 1 then M is elliptic, parabolic, or 
hyperbolic if and only if the corresponding fiber F is. 
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Proof. We prove this by straightforward computation. Using the warped product 
structure M = B Xu F we have 

V(7rjit • TTjw) — wVm H , 

A(7r^it • TTjw) = vA(ttIu) + uA(7T2v) 

, V ,2 Apv 

= vABU + k-\Vu\i.~\ . 

u u 

So we have 

//(tt^m • TTow) = UV (vAbu + k— IVwIr H — I + {Tn — ^)v'^ iVwIn + (m — 1) I V'^^f I „ + Au^u^ 

\ u u J \ \t 

= vApv + (m - l)|V^i;||. + v'^{uAbu + {m + k - l)|Vu|| + Au^) 

= vAFV + {m-l)\\'''v\%+fiBiu)v^ 

= ^^f{v), 

which finishes the proof. □ 



5. Spaces with large W 

Before proceeding to the apphcations of the results in the last section to manifolds 
with symmetry, we discuss in this section some corollaries that come from combining 
the structure Theorem 14.141 with some earlier work. The first one is a gap result 

for dimW^A.n+m(M). 

Corollary 5.1. Let n > I and ill" be a simply connected manifold with dmiW\_n+m{M") ^ 
n. Then dmiWx^n+m{M) = n + 1 and M is a space form with Ricci curvature 
"-\ A . 

n+m—l 

Proof. We need to show that dimWA,n+m(-^) = ?^ is not possible. Suppose not, 
then the irreducible base manifold of M, B, is one dimensional. However, there 
are no one dimensional irreducible base manifolds. From examples in |HPW31 Sec- 
tion 1] we see that when dB = then = R as M is simply-connected and thus 
dimWx^i+i^k+m) {B) = 2. On the other hand, when dB ^ and di-mW\_i-^-(^k+m) {B) ~ 
Ithen (M^A,i+(fe+™)(5))^y^{0}. □ 

Next we consider the case d\mW\^n+m{M) = n ~ 1. Then we know that the 
base of M must be a surface. There is a complete classification of surfaces B 
with d\mW{B) ^ {0}, see [Be] or f HPWl| . Combining that result with Theorem 
14.141 gives a complete classification of spaces with d\TaWx^n+m{M) = n — 1. One 
consequence of this classification is the following 

Corollary 5.2. If M is simply connected, compact, and dimM^(M) = n — 1, then 
M is isometric to the Riemannian product x §"^^. 

Proof. In two dimensions the only compact irreducible base manifolds are the A- 
Einstein spheres. Also see ^CSWJ. □ 

Remark 5.3. Bohm has constructed non-trivial, compact, simply-connected three 
dimensional spaces with dimVl^(M) = 1 in |Bol| . showing that n — 1 is optimal. 



We also have the following application for compact spaces. 
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Corollary 5.4. If M is compact and there is a positive function w G W\.n+miM), 
then dimWx,n+miM) — 1. 

Proof. If dimWx,n+m{M) = A: + 1 > 1 then we have Af = i? x,j S*^ and all solutions 
in W\^n+m{M) are of the form ttI{u)tt2{v). Since any such w : S*"' — ?> M vanishes 
somewhere this will contradict the existence of a positive solution w. □ 

Using the results in jHPW2j we can improve Corollary [521 if we make the addi- 
tional assumption of constant scalar curvature. 

Corollary 5.5. Suppose that M is simply connected with constant scalar curvature. 
If diiaWx^n+miM) = n—1 orn — 2 then M is isometric to the Riemannian product 
B X F, where B is a space form of dimension 2 or 3 respectively with Einstein 
constant X, and F is another space form. 

Proof. The assumption dimW^ > n — 2 tells us that B has dimension at most three. 
A straightforward calculation of the curvatures of a warped product shows that M 
having constant scalar curvature implies B does as well. Theorem 1.2 of |HPW2) 
implies that any base with constant scalar curvature and dimension at most three 
must be a space form with Einstein constant A. Then Proposition 12.71 shows all 
non-negative solution on B are constants and hence M is isometric to the product 
B X F. □ 

Remark 5.6. This result is also optimal since we constructed constant scalar cur- 
vature, four dimensional examples with dimH^ = 1 which are not Einstein, see 
|HPW2| . Taking elementary warped product extensions of these examples give ex- 
amples with constant scalar curvature with dimVF = n — 3 which are not products 
of Einstein metrics. 

In general, for constant scalar curvature and m > 1 we know that the form of 
the function u is determined by A and the type of /i. We summarize this result 
here. Recall that k = '^'^'^'~("~™)-^ jg defined in (12.31) . 

TTllTTl — J.) ' ' 

Proposition 5.7. Let to > 1 and .suppose that M has constant scalar curvature 
with W\,n+m{M) 7^ {0}. Then one of the following cases holds. 

(1) M = B X F where B is X-Einstein. 

(2) M is elliptic and 

(a) if X > then k> 0, u — Acos{^/Kr), 

(b) ifX^O then u = Ar, 

(c) if X < then k < 0, u ~ Acosh{^/ — Kr) . 

(3) M is parabolic, X < 0, k < and u = ^exp(-\/^Kr). 

(4) M is hyperbolic, A < 0, k < and u = Asmh{y/ — nr) . 
Here r : B ^ M. is a distance function and A > is a constant. 

One consequence of this theorem is that in the elliptic case the manifold Af must 
have a singular set or be a Riemannian product. 

Corollary 5.8. Let m ^ I and suppose that M has constant scalar curvature with 
S" = 0. If it is elliptic or has k > 0, then it is isometric to the Riemannian product 
BxF. 

Proof. In the previous Proposition 15.71 we see that in the case when M is not 
isometric to the product B x F , ii either k > 0, or ^ is positive definite, then 
5 0. □ 
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Remark 5.9. We will see in section 7 that any homogeneous metric on M must 
either be a Riemannian product, or be parabolic and have A < 0. 

6. The isometry group 

Since the Ricci tensor is invariant under isometries, the isometry group Iso (M, g) 
acts on W by composition with functions: 

{Iso {M,g),W) W 

Moreover, this action preserves /x. The derivative of this action is the directional 
derivative in the direction of a Killing field 

(iso (M, g) , W) W 

{X,w) —Dxw 

which induces a skew action with respect to /i 

= /i {Dxv, w) + /i (v, Dxw) . 

Remark 6.1. When [B, gs) has non-empty boundary, we let lso{B, gs) be the group 
of isometries that preserve dB. 

We study the isometry group of base manifolds. 

Proposition 6.2. Suppose that {B^gs) is a base manifold. Then we have 

(1) For any h S Iso(i?, gs), there is a constant C > such that u o h~^ = Cu 
and DhpCVu) = CVw|/i(p). 

(2) If X is a Killing field then there is a constant K so that Dxu = Ku. 
Moreover, if there exists h with C ^ 1, or X with K ^0 then = 0. 

Proof. u{h~^{x)) e W implies that u{h~^{x)) = Cu{x) for some constant C since 
W is one dimensional, u > implies that u o h~^ > 0, which implies C > 0. We 
also have, 

d{uoh-^){X) = du{Dh-^{X)) 

= g{Vu,Dh-\X)) 
= g{Dh{Wu),X) 

which implies that Dhp{Vu) = V{uoh~^) = CVu\h(p). Since n{uoh~^) = if 
Cj^l then = 0. 

If X is a Killing field, then Dxu G W. So we also have Dxu = Ku for some 
constant K. The skew-symmetry of the action then gives us 

= ii{Dxu,u) + ii{u,Dxu) 
= 2K/i{u). 

So either K = oi ^x{u) = 0. □ 

Definition 6.3. Let {B. gs) be a base manifold, then we have a well defined group 
honiornorpliism into the multiplicative group of positive real numbers 

(Iso(B,5b),o) ^ 

h Ch, 
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where Ch is the constant so that uoh ^ = Chu. We define lso{B, gB)u to be the 
kernel of this map, or equivalently the subgroup of isometries that preserve u. 

We have the foUowing facts about Iso(i?, gB)„. 

Proposition 6.4. Suppose that (B^gs) is a base manifold. Then lso{B, gB)u C 
lso{B,g) is a subgroup of codimension at most one. Moreover, 

(1) if ^^{u) ^ 0, then lso{B,gB)u = lso{B,gB), 

(2) if B is compact, thenlso{B, gB)u = Iso(i?, gs), 

(3) if h € lso{B,gB) has an interior fixed point, then h G lso{B, gB)u, and 

(4) any compact, connected Lie subgroup o/Iso(i?, gs) is contained in lso{B, gB)u- 

Proof. lso{B, gB)u has codimension at most one because it is the kernel of a ho- 
momorphism into a one-dimensional group. fJ-{u) ^ implies that lso{B, gB)u ~ 
lso{B,g) was proven in the previous Proposition 16.21 

If B is compact, then u has a positive maximum value and uoh~^ has the same 
maximum, showing that Ch — 1- Moreover if h has an interior fixed point, x, then 
u{x) = u(h{x)) > 0, so Cfi — 1- 

Finally, if X is a Killing field coming from G C Iso(M, g) a compact, connected 
Lie group of positive dimension, then Dxu = 0. Otherwise since K ^ 0, u must 
grow exponentially along the integral curve of X, contradicting that G is compact. 

□ 

Remark 6.5. It is also worth pointing out that if dB ^ 0, then and m — 1 have 
the same sign. 

Next we turn our attention to the warped product M = BXy^F with dimWx.n+m{M) > 
1. First we state a lemma about when a map on the base of a warped product can 
be extended to an isometry of the total space. 

Lemma 6.6. Let AL ~ B x F be a warped product with the metric 

g = gs + u^gF- 

A map of the form 

h — hi X h2 with hi : B B /i2 : F — > F 

is an isometry of AI if and only if hi € lso{B,gB), uoh^^ ~ Cu for some constant 
G, and /12 is a C-homothety of {F,gp). 

Proof. Fix a point {x,y) G M and let X,Y be two vectors in TB(^^ yy Then we 
have 

g{Dh(X), Dh{Y))\h(,^y) - gB{Dhi(X), Dhi{Y))\h,(.,y 
So h is an isometry on horizontal vectors if and only if hi is an isometry of B. 

Now let U,V be two vectors in TF(^^ yy The assumption that h is an isometry 
implies that 

u\x)gF{U,V)\y = g{U,V)\^,^y) 

= giDhiU),DhiV))\hi^^y) 

= u^{hi{x))gFiDh2iU),Dh2iV))\h,(y) 

which tells us 



VIRTUAL EINSTEIN METRICS 24 

This implies that the quantity " ^^(^ must be constant, or equivalently that 
uo h^^ = Cu, for some constant C. Plugging this back into the previous equation 
tells us that 

gF(Dh2{U),Dh2(V))\h,^y^ ^ C'gF{U,V)\y, 
i.e., /i2 is a C-homothety of {F,gp). □ 

This gives us the following general fact of basic decompositions and isometrics. 

Proposition 6.7. Suppose that E is a simply connected Einstein manifold with a 
basic warped product decomposition 

{E,gE) ^{BXu F.gB+u^gp)- 

Then we have 

(1) //Ric'' ^ or F = R", then any isometry of B that preserves the boundary 
dB can be extended to an isometry of E. 

(2) // Ric^ = and F ^ R™ then Iso{B, gB)u, the codimension one subgroup 
of isometrics can be extended to E. 

Remark 6.8. The result is not true if the decomposition is not basic. On the other 
hand, it is easy to see that isometrics of F always extend to isometrics of E for any 
warped product. 

Proof. Let hi E lso{B,gB) that preserves the boundary dB. Since dimM^(_B) = 1, 
Proposition 16.21 tells us that there is a constant C such that u o /i^^ = Cu. If 
Ric^ ^ 0, i.e., ^j,b{u) ^ 0, we know that C = 1 and then from Lemma l6.6l we know 
that the map 

hi X idp 

is an isometry of E. On the other hand, if Ric^ = 0, we can have C ^ 1. Then, if 
F = R™ , we have that the map 

hi X C ■ idij™ 

is an isometry of {E,gE). If ^ R™, then lso{B, gB)u will form the codimension 
one subgroup which lifts to isometrics of E. Otherwise, for C ^ 1, F will not 
support a C-homothety and there may be no lift oi hi. □ 

We now use a similar argument to compute the full isometry group of an ele- 
mentary warped product extension. 

Theorem 6.9. Let M be simply connected with d.\mW\_n+m{M) = k+ \ > 1. Then 
the isometry group of M consists of maps h : M ^ M of the form 

h — hi X h2 with hi : B ^ B h2 : F F, 

where hi G Iso(i?,5B) and 

(1) If ^i{u) ^ then /i2 e Iso(F,5j.). 

(2) If fi{u) = then /i2 is a C-homothety ofM.'' where C — Chi constant 
so that u o h^ — Ch^u. Namely, 

h2{v) = b + CA{v) with 6 e R*^ and A e 0(R'=) 
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Proof. First we show that that isometries of M preserve the distributions B and 
Let w G Wp and set v = w o h^^. Then v{h{p)) — w{p) = and so t; G Wii(p). 
This shows that isometries preserve the singular set. Moreover, since Vw|;i(p) = 
Dhp{Vw\p), Dhp maps Tp to Th{p)- Since B is the orthogonal complement of T 
and h is an isometry, Dh also preserves B. 

Since h preserves the singular set, on the regular set, which is diffeomorphic to 
int(-B) X F, we have 

h : int(B) x F ^ int(B) x F 

{x,y) 1-^ {hi{x,y),h2ix,y)). 

The differential is 

Dh : TB^ X TFy ^ TBn,(:c,y) x TF^.^^^y). 

The fact that U/i preserves the distributions says that this map is block diagonal 
with respect to the splitting. This shows that the derivative of hi in the F direction 
is zero and the derivative of /12 in the B direction is zero, i.e., hi = hi{x) and 
h2 = h2{y). 

Since i? is a base manifold we know that there is a constant C such that uoh^^ — 
Cu. When /i(u) ^ we know that C = 1 for every hi. So this implies that /12 is 
an isometry of {F,gp). Applying Lemma then tells us that all such maps of the 
form hi X /i2 are isometries. 

When ii{u) = 0, it is possible to have C 7^ 1. In this case, F = R''" and /12 can 
be any C-homothety, i.e., a map of the form 

h2iv) + CA{v) with b e M'^' and A e 0(R''). 

This finishes the proof. □ 

Remark 6.10. An exercise in O'Neill states that only the first case is possible. 
However we see that the second case definitely appears when F is M.^. 

Remark 6.11. Note that, even when = we get that ft,2 is an isometry as long 
as we have lso{B, gB)u = ^so{B,gB). In general the space of product maps 

Iso(B,5b)„ X Iso(R'') 

is a codimension one subgroup of Iso(Af , g) and it gives us a short exact sequence 

1 ^ Iso(M'') ^ Iso(A/,.g) ^ lso{B,gB) ^ 1. 

Moreover, the map on the right, given by projection onto the first factor hi, has a 
right inverse 

hi i-> {hi^Chiidp). 

This implies that lso{M,g) is a semi-direct product of Iso(i?, gs) with Iso(R'^) and 
the representation giving the group operation is the map 

(/) : Iso(S,.gB) ^ Aut(Iso(R'=)) 

hi ^-> (l>hAv ^ b + A{v)) ^ {v ^ Ch^b + A{v)) . 
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7. Homogeneous metrics 

In this section we apply Theorem 14.141 along with the results from the previous 
section to homogeneous manifolds. We show that the base manifold of a homoge- 
neous (A, n + m)-Einstein manifold is either A-Einstein or has a special form. See 
Lemma r?. II From this fact we prove Theorem 11.91 We also show that from a ho- 
mogeneous (A, n-f m)-Einstein manifold M, one can find a homogeneous A-Einstein 
manifold as the total space of warped product over M, see Theorem 17.71 

First we consider base manifolds. Let S be a base manifold with dB ~ and 
let G be a transitive group of isometrics acting on B. Fix a point x Cz B and let 
Gx be the isotropy group at x, i.e., 

G., = {heG: h{x) = x}. 

Let H be the subgroup which fixes u E M^A.fc+(fe+m) .gs) 

H ^ {heG -.uoh-^ ^u} 

= Gnlso{B,gB)u- 

Note that Gx C H and so we have 

H/Gx C G/Gx. 

Lemma 7.1. Let {B, qb) be a base manifold which is homogeneous and has dB ~ 0. 

Then either 

(1) {B^qb) is \- Einstein, or 

(2) ~ 0, B is noncompact, the action of H on B is cohomogeneity one 
with 

r:B^ B/H = M 

where H acts transitively on the level sets of u, r is a smooth distance 
function and u is of the form 

u = Ae^'' 

for some constants A and K . 

Remark 7.2. In other words we either have in (1) that H/Gx ~ B and u is constant, 
or in case (2) we have 

G/Gx = M X H/Gx 
gB = dr^ + gr 
where gr is a family of H-homogeneous metrics on H/Gx- 

Proof. For h ^ H . no h^^ — u. So if H acts transitively on M, then u is constant 
and B is A-Einstein. 

Otherwise, suppose that u is not constant. Then H must be a codimension one 
subgroup of lso{B,gB) and it acts on B by cohomogeneity one. In this case, from 
Proposition 16 .41 we know that B is noncompact and fi{u) — 0. Let r be the quotient 
map 

r:B^ B/H. 

Since u is preserved by H, u can be written as a function of r, u = u{r). The fact 
that Dap{Vu) = CVu|o.(p) for any a € G shows that if u has a critical point, then 
u is constant. This shows that B/H must be all of M. 
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Let 7 be a unit speed integral curve of Vr. Define hs to be a one-parameter 
subgroup of isometries taking 7(0) to 7(5). The differential of hg gives a Killing 
field X — Vr + Y where Y is tangent to the level surfaces of u. From Proposition 
we have 



Ku = Dxu — D-^rU 

for some constant K. Integrating this implies that u — Ae^"^ . 

Finally, the fact that A < follows from Proposition 15. 7( since u is a positive 
function in W\ (S) and B has constant scalar curvature. □ 

Remark 7.3. When m + k > 1 we can also see that the constant K is determined 
by the scalar curvature of _B. To see this we compute 

y2 

^b(u) = (m + fc-l)|VuPH -(scaP - (n - m - /c)A) 

m + k 

CI . scaP — (n — TO — fc)A \ 
(to + fc - \)K^ ^ i ; — e^^"^. 
m + k I 

Since /i_b(u) = we obtain 

/ scaP - (n - TO ~ fc)A 
^ ' ' y (TO + fc)(TO + fc- 1) 

The only case where K is not determined by the above formula is when fc = and 
TO = 1, in which case /i^ is always zero. 

Remark 7.4. A different proof of this lemma can be established using the results 
in |HPW2) more heavily. In |HPW2| we also produced examples showing case (2) 
is possible. We generalize that construction in the next section. 

Next we consider the warped product M — B F where M is homogeneous 
and dim WA,n+m(-^-^) = fc + 1. Then Theorem l6. 91 gives us the following proposition. 

Proposition 7.5. Let M be a simply connected metric with dmiW\^n+m{M) = 
fc + 1 > 1. Then M is homogeneous if and only if its base manifold B has no 
boundary and is homogeneous. 

Proof. From the proof of Theorem 16.91 we know that isometries of M preserve the 
singular set, showing that if M is homogeneous then 5 = 0. It implies that dB = 0. 
Now Theorem 16.91 shows that the isometry group of M acts transitively on M if 
and only if the isometry group of B acts transitively on B. □ 

As a simple consequence of the previous lemma and proposition, we note the 
following 

Corollary 7.6. Let M be a simply connected homogeneous metric with W\^n+m{M) 7^ 
{0}. // either A > 0, or M is elliptic or hyperbolic, then M is isometric to the Rie- 
mannian product B x F. 

Now we are able to prove Theorem 11.91 

Proof of Theorem \1.9[ We assume that M in the warped product decomposition 
E — M XyjF does not have constant curvature. Otherwise we are in case (2). Then, 
since M is a totally geodesic submanifold of the homogeneous space E, M must be 
homogeneous. We write M — B x^F as, an elementary warped product extension. 
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If M is already an irreducible base manifold, then we simply have B — M and F 
is a point. From Proposition 17.51 the base manifold B must also be homogeneous 
with empty boundary. Then, Lemma 1 7 . 1 1 implies that either B is homogeneous and 
u is constant which also gives case (2) of the theorem. 

Otherwise we have that cjb — dr^ + gr and guj ~ dT^ +3r + s^^9rI' ■ This implies 
that E is 

gs = dr^ + gr + e^''{g^k + gp) 

where F is Ricci flat. In fact, F must be flat. To see this, let 11 be a vertical plane 
in E. Then, by the Gauss equation, the sectional curvatures of the plane in (F,gp) 
and {E,gE) are related by the equation 

sec^(n) =e-2K.gg^F(n) _x2^ 

Therefore, if sec^(n) 7^ then sec^(n) would blow up as r —00. However, since 
E is homogeneous, it must have bounded curvature implying that F is flat. □ 

As another application, we can prove that if the base of a warped product Ein- 
stein metric is homogeneous, then there is a warped product metric with the same 
base which is homogeneous and Einstein. 

Theorem 7.7. Let m > be an integer and let M be a simply connected ho- 
mogeneous manifold with W\^n+m{M,g) ^ {0}. // there exists a positive function 
w € W\_n+m{M , g) and F™' is the simply connected space form with Ricci curvature 
fi{w), then the warped product metric 

E ^ M x„ F 

is both X-Einstein and homogeneous. 

Proof. The proof breaks into various cases. 

We first assume that M is a base manifold. By Lemma mi there are two cases. 
First, if M is A-Einstein then clearly taking w = c a constant and to a space form 
with Ricci curvature ^ will make E a homogeneous A-Einstein metric. On the other 
hand, if M is a base manifold and is not A-Einstein, then we know that w = Ae^^ 
and fJ,{w) = 0. In particular, F = M™. We also have that, if hi e Iso(il/, 17^/) then 
w o hi = Chi for some constant C = Chi- By Proposition 16.61 the product map 
hi X /i2 is an isometry of {E,gE) where /i2 is a C-homothety of K™. This gives us 
a transitive group of isometrics acting on E. 

Next we assume that AI is not a base manifold. If M is a space of constant 
curvature then the theorem is true by the special form of the warping functions. 
Note that the sphere does not have a positive function in Wx,n+m{M, g). Otherwise, 
from Lemma l7.ll again we also have two different cases. In the first case, we have 
M = B X F where B is A-Einstein and F is a space form. We know that if A > 0, 
there are no positive functions in Wx,n+m{M). When A < 0, we have that w — Av 
where v a positive function in W\^k+m{F). Take another space form F such that 

x^, F is a homogeneous A-Einstein manifold. Then i? is a product of A-Einstein 
manifolds B and F Xy F which are both homogeneous. Finally, in the second case 
we have 

gM ^ gs + e^' giffe 
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where i? is a base manifold. Since w > on M this tells us that w = Ae^^ for 
some constant A. Then we can write 

5-E = gs + e'^^'ig^k + Ag^m) 
= gs + e^^'g^k+rr^. 

Since i3 is a base manifold, we can now apply the base manifold case that we 
already discussed to this metric to show that {E, gs) is homogeneous. This finishes 
the proof. □ 

Remark 7.8. Note that in the last case of the previous Theorem 1 7. 7[ when 

gM = gs + e^'^gvL" 

w = Ae-^'' 

that we still have the property that w o h^^ — ChW for any h e Iso(M, (7), even 
though AI is not a base manifold. Writing M — G/Gx and this allows us to 
conclude, as we did at the beginning of this section in the base manifold case, that 

G/Gx = M X H/Gx 
gM = dr'^ + gr 
w = Ae^'' 

where gr is a family of _ff -homogeneous metrics on H/Gx- 



8. Left invariant metrics on Lie groups and algebraic solitons 

In this section we specialize further from simply connected homogeneous spaces 
to Lie groups with left invariant metrics. The section is split into three subsections. 
In the first subsection we discuss general results about how W{G, g) interacts with 
the Lie group structure of G. In the second subsection we give the construction of 
left invariant metrics with W{G, g) ^ {0} from algebraic solitons. As an application 
we prove Theorem 11.111 In the third subsection we consider simply connected 
solvable Lie groups with left invariant metrics and give a classification of such 
groups that have W{G,g) ^ {0}. 

8.1. Left invariant metrics on Lie groups with W 7^ 0. Let {G,g) be an n- 
dimensional Lie group with left invariant metric such that Wx^n+miG, g) 7^ {0}. 
Combining Theorems 7.1 and 7.5, we have two cases. Either 

(1) (G, g) is isometric to a Riemannian product B x F'^ where i? is a Lie group 
with left invariant A-Einstein metric and is a simply connected space 
form, or 

(2) 

g = gB + e^'^g^k 

where if is a constant, S is a base manifold, r : i? — > M is a smooth distance 
function and 

where A < 0. 
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Note that, in either case, k could be zero. In case (1) we call the metric {G,g) rigid 
and, in case (2) we call the metric non-rigid. 

In the non-rigid case we can always re-parametrize the distance function r so 
that r(e) = 1, where e is the identity element of G. We call such a re-parametrized 
distance function normalized. We will usually assume the distance function is nor- 
malized below. 

The study of W{G^ g) in the rigid case reduces to studying the solutions on 
space forms discussed in section 2 as will consist of the pullbacks of functions 
V € Wx^k+miF, gp). In the second case we have the following more interesting 
interaction between properties of the function u and the Lie group structure. 

Proposition 8.1. Let {G,g) be a non-rigid Lie group with left invariant metric 
and let u £ W\^n+m{G.,g) where 

Kr 

u = e , 

K is a constant, and r is a normalized distance function. Then r is the signed 
distance to a codimension one normal subgroup H and the vector field ^ = — Vr is 
a left invariant vector field. In particular, 

(8.1) K,t)]c() 

where f) is the Lie algebra of H . 

Proof. Let H be the level hypersurface u — 1. Since u(e) = 1, the elements of H are 
the elements whose left translation preserves u. In particular, H is a codimension 
one normal subgroup in G. Thus we obtain a Riemannian submersion G ^ G/H 
which is also a Lie algebra homomorphism. This shows that left invariant vector 
fields on G/H lift to left invariant vector fields on G that are perpendicular to H. 
As G/H = K it follows that Vr is a left invariant vector field on G. 
For the last part note that 

5(K,^],e) = -25(Vv.Vr,X)-0 

for any X ±C □ 

In the spirit of Theorem 1 7. 7[ we now address the question of whether it is always 
possible to build a left invariant Einstein metric from a Lie group with left invariant 
metric {G,g) such that W{G,g) ^ 0. 

In the rigid case we can see quickly that this is always true. Given v S Wx^k+m{F^ gp)-: 
let F be the m-dimensional simply connected space form with Ricci curvature 
I1f{v)- Define 

E = Gx^F. 

Then we have 

E = Bx{Fx^F) 
= Bx S 

where S* is a simply connected space form. Clearly, E is naturally a Lie group with 
the product structure coming from B and S, and the metric, being a product of 
left invariant metrics on the factors, is also left invariant. 
In the non-rigid case we also have the following 
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Theorem 8.2. Suppose that (G,g) is a non-rigid Lie group with left invariant 
metric such that 

M = e^'' G Wx^n+,n{G,g), 
where K is a constant, and r is a normalized distance function. Let E — G K™ 
with metric gE = g + u?ga where {W^^go) is Euclidean space. Then E is a Lie 
group and its Lie algebra e is the abelian extension of the Lie algebra q of G by 
a = M™ with 

U] = KU, [Xi, [/] = for any U £ a and i = 1, . . . ,n - 1, 

where {^} U {Xi}"^^ is an orthonormal basis of the metric Lie algebra q. 

Proof. From Remark 7.8, in the non-rigid case we know that, for any x (z G there 
is a constant, C^, such that u o L^-i = C^u where L^-i the left muUiphcation of 
x~^ on G. C'x induces an automorphism t(x, •) of (R™, +) in the foUowing way 

r(a;,-) :K"^M™, a^C^a. 

For a fixed x £ G, the differential f(a;) of t{x) is a Lie algebra isomorphism of the 
abelian Lie algebra a which is the tangent space of the Lie group (E'",+) at the 
origin. In particular o is isomorphic to (M™, +) and we have 

f{x) : a ^ a, U i-^ CxU. 

From the formula u{x) — e-^'^^^\ we also have 

^ ^ M(e) ^ 1 ^ ^-Kr{x) 

On the total space E, a Lie group structure is given by the semidirect product 
G Xu which is the Lie group with G x M™ as its underlying manifold and with 
multiplication and inversion given by 

{x,a)-{y,b) = {x ■ y,Cy-ia + b) 

{x,ay^ = (x^^-Cxo). 

For the semidirect product of two general Lie groups, see |Knl Section L15] for 
example. 

The map f is a smooth homomorphism of G into Aut(a), the automorphisms of 
a. The differential Df is a homomorphism of the Lie algebra g of G into Der(a), the 
derivations of a. The Lie algebra e of i? is given by the semidirect product g ® fl, 
i.e., the Lie brackets of g and o are preserved in e and, for any X E g, U G a we 
have 

[X,U]^{Df{X)){U). 

In the following we compute the map Df. 

Let {XiY^^Q be an orthonormal basis of g with Xq = ^ = — Vr|e. For i e R let 
x(t) = exp{tXi). If I > 1, then x{t) € H and it follows that r{x{t)) = 0. Thus 
Gx{t) = 1 s-iid T'i^i't)) is the identity map for t S R. So its differential is zero, i.e., 
[Xi, U] = 0. Now we are left with Df{Xo). In this case we have r{x{t)) — ~t and 
then 

{DfiXo))iU)^^^{e^'U)^KU, 
which shows that [^,U]= KU. □ 
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8.2. Construction of spaces with W 7^ from algebraic solitons. In this 
section we discuss ttie construction of spaces {G,g) with W\^n+m{G, g) 7^ {0} from 
algebraic solitons. Before proceeding to the construction of the examples, we need 
one computational proposition on algebraic solitons. 

Proposition 8.3. Suppose [H, h) is a simply connected Lie group with left invari- 
ant metric which is an algebraic soliton 

Ric" = XI + D 

where D € Der([)) and f) is the Lie algebra of H . Then either trD > or D — 0. 
Proof. Since H is simply connected, there is a vector field such that 

In other words, _ff is a Ricci soliton (see |La2| ) 

Ric + = A/. 

Let L — ^ti (-Sfjf )• On a Ricci soliton we have 

Ascal + 2|Ricp Dxscal + 2Ascal, 

see, for example, [Cetcl Lemma 1.11]. Since H has constant scalar curvature, we 
have 

(8.2) |Ricp = Ascal. 
Tracing the soliton equation implies 

(8.3) seal + L = nX. 

If seal — 0, then |Ricp = 0, i.e., the metric is Ricci flat. In this case equation (I8.3P 
shows that L — nX < 0. 

If seal 7^ 0, then it is negative. Solving A from the equation (|8.2p and plugging 
in the equation ()8.3p show that 

L ■ seal = n|Ricp ~ scal^ > 0. 

The last inequality above follows from the Cauchy-Schwartz's inequality. The equal- 
ity holds if and only if {H, h) is an Einstein manifold with Einstein constant A, i.e., 
£1 = 0. □ 

Now we show that any algebraic soliton has a one dimensional extension which 
has W 7^ {0}. In Proposition 18.11 we saw that any Lie group with W{G,g) 7^ {0} 
which is non-rigid must have a codimension one normal subgroup H and that u £ 
W\,n+m{G^ g) is an exponential function of the signed distance to H . This motivates 
us to construct metrics (G, g) which have an algebraic soliton as a codimension one 
normal subgroup. 

Theorem 8.4. Suppose (iJ"~^,/i) is a simply connected Lie group with a left in- 
variant metric that is an algebraic soliton 

Ric^ = XL + D 

where D G Der([)) and f) is the Lie algebra of H . Then, for any m > 0, there exists 
an a S R such that the one dimensional extension, {G,g), that has Lie algebra 
= © () with 

ad^ = aZ?, g{£„^) = 1 and g\H ^ h 
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has Wx,n+m{G,g) ^ {0}. 

Proof. We identity the left invariant vector fields on Lie group with vectors in its Lie 
algebra. A one dimensional extension of f) is uniquely determined by a derivation 
on [). If we let ^ be the unit normal vector then we declare the Lie bracket structure 
to satisfy 

ad^ = aD 

where a e M is some constant that will be determined later on. As D = — A/+Ric^ 
it is symmetric. In particular we have 

TiX) = Vx^ = -aD{X), 

V^X = 0, 

where T is the shape operator of the hypersurface H C G and X is a vector in f). 

The radial, Gauss, and Codazzi equations tell us the curvatures on (G, g) have 
the following forms 

E(X,Oe = -(V^T)(X)-T2(X) 
R{X,Y,Z,W) = R"{X,Y,Z,W)-g{T{Y),Z)g{T{X),W)+g{T{X),Z)g{T{Y),W) 
R{X,Y,Z,^) = -g{{VxT){Y)-{VYT){X),Z). 

Let {Xi}"~^ be an orthonormal frame of I), then the Ricci tensor satisfies 

Ric(^,0 = 

= -£>j(trT)-tr(T2) 

Ric(X,0 = 

= -g ((VxT) (Xi) - (Vx.T) (X) , X^) 
= -Dx (trT) + divr(X) 

and 

mc{x,x) = Y,R{Xi,x,x,Xi) 

= -g{{V^T)iX),X)-g{T^iX),X) 

+Ric"{X, X) - g{TiXi), X,)g (T(X), X) + g{T{X), X,)g {T{Xi), X) 
= Ric"{X, X) - (trT) g {T{X), X) - g ((V^T) {X),X) . 

In our case the derivation D has constant trace so trT is also constant and it is also 
divergence free as 

divD = divRic^ = 2D (scaP) = 0. 

Moreover V^T = as all left invariant fields are parallel along the direction of ^. 
This means that the Ricci curvature of G can be simplified as 

Ric(^,e) = -tr(T2) 
(8.4) Ric(X,0 = 

Ric (X, X) = Ric^(X, X) - (trT) g (T(X), X) . 
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We now substitute D into these equations above and obtain 
Ric(e,C) = -ahr{D^) 

(8.5) Ric(X,0 = 

mc{X,X) = Ric"{X,X)-a^{trD)g{D{X),X). 

On the other hand, if we let r be the signed distance function to H C G with sign 
convention chosen so that the left invariant field — Vr is ^. Then the function 

Kr 

u — e 

is an element of W\,n+miG) if and only if the Ricci curvature satisfies 

(8.6) Ric(X,y) - XgiX,Y) + — {g{[tX],Y)+gi[tYlX)) 

+mK'g{^,X)g{^,Y). 
To see this, using Koszul's formula we note that 

Hessr {X, Y) = -g (VxC, Y) ^ ^ (.g([C, X],Y) + <?(K, Y],X)) 

when X,Y are left invariant. Combining this with the form of the function u we 
have 

HessM(X, Y) = KuBessriX, Y) + K^udr^ {X, Y) 
which gives (|8.6I) . 

Combining (|8.5p with (|8.6p we then have that u = e^'' G W\^n+m{G) if and only 

if 

1 



fx 1 1 i\ 7 / 

— (K, X],Y) + — 5(K, Y],X) + K\g{t X)g{(, Y) 



aitvD) = mK. 
.a J 

Letting p — X + mK^ and eliminating a gives us an equation for p 

that is equivalent to 
or 

(8.7) {m + ^^^y^ - {mX ~ 2trD) p + tr {D^) = 0. 

Proposition 18.31 shows that tr(_D) > 0, which implies that this quadratic equation 
in p has two negative roots. These roots in turn, give values of a which give metrics 

GwithWx,n+rniG,g)^{0}. □ 

Remark 8.5. The proof also gives a result when H is not necessarily simply con- 
nected. In this case, we do not have the fact tr(Z?) > 0. Then, from equation (|8.7p . 
we only obtain the weaker conclusion that that there is m large enough so that 
there exists a such that W\^n+m{G, g) ^ {0}. 
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Remark 8.6. One can compare this construction to the work of Lauret in the nilpo- 
tent case |Lal| . In that case he shows that if is a nilsoHton then the one dimen- 
sional extension of H defined as 

a.d^ = D 9{(A)=tT{D) 

is Einstein. His argument depends on special curvature properties of nilpotent Lie 
groups. 

Remark 8.7. In the case when (H, h) is a solvmanifold, we only need to require 
that 

S'(ad^) — aD and ad{(f)) C n 

instead of adj = aD, where n is the nilradical of f) and ^(adj) is the symmetric 
part of the derivation ad^: 

5(ade) = \ (adj + (adj)*) . 

To verify the relations of Ricci curvatures in (8.1) we only have to show that V^T = 
and then the rest of the proof will follow in the same way. In fact for any X in f) 
we have 

V5X = -i(ad^(X)-(ad^)*(X)), 

and then 

= \ (ad5(ad5)* - (ad5)*ade) {X) 

= i[ad4,(ad5)*](X). 

So V^T = follows from the fact the ad^ is normal operator as (adj)* is a derivation, 
see |La21 Lemma 4.7]. 

Combining this with the results in the previous subsection we can obtain the 
structure Theorem 11.111 mentioned in the introduction. 

Proof of Theorem \1.11\ Let (iJ, h) be a left invariant algebraic soliton. Let (G, g) 

be the one-dimensional extension of h) constructed in Theorem l8.4l with W\^n+m{G, g) ^ 

{0}. Then we can construct a left-invariant Einstein metric on a Lie group E as 

in Theorem 18.21 We can then see that i? is a one-dimensional extension of the 

semi-direct product 

by the derivation adc = aD + KI. □ 

8.3. Non-rigid solvable Lie groups with W 7^ 0. Now we let {G,g) be a solv- 
manifold, i.e., a simply-connected solvable Lie group with g a left invariant metric. 
In this subsection we give the characterization of solvmanifolds with W 7^ {0} 
which are non-rigid. 

A solvmanifold with W\^n+m{G, g) 7^ {0} which is rigid is a product of a A- 
Einstein solvmanifold and a space form. Moreover, W\_n+m{G, g) consists of func- 
tions which are pullbacks of solutions on the space form factor. Thus, the study of 
these spaces reduces to studying left invariant Einstein metrics on simply connected 
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solvable Lie groups. There is a rich structure to these spaces, see |He| . |La3j and 
the references therein. 

In the non-rigid case, the group G shall be identified with its metric Lie algebra 
(g, (•, •)) where g is the Lie algebra of G and (•, •) denotes the inner product on g 
which determines the metric. We consider the orthogonal decomposition 



where n is the nilradical of g, i.e., the maximal nilpotent ideal. Assuming that (G, g) 
is non-rigid, by Proposition 18.11 the zero set of a normalized distance function H 
is a codimension one normal subgroup. Let h be the induced metric on H. Then 
{H, h) is also a solvmanifold since, by equation (|8.ip . ^ E a. The Lie algebra of H, 
f), then has the following decomposition 



where a' is the orthogonal complement of C a. 

In Theorem 18.41 we construct non-rigid examples where (H, h) is an algebraic 
soliton. Conversely we show that H must be an algebraic soliton for any non-rigid 
solvmanifold with W ^ {0}. 

Theorem 8.8. Suppose that {G,g) is a solvmanifold with W\^n+m{G, g) 7^ {0} 
which is non-rigid. Let H be the zero set of a normalized distance function with 
induced metric h. Then h) is an algebraic soliton with Ric^ = XI + D where 
D G Der(l)) and f} is the Lie algebra of H . 

Remark 8.9. Recall that, under the hypothesis, A must be negative. 

We prove this theorem in two steps: first we show that if [a, a] = and (ad^i)* is 
a derivation of g for any A in a, then (iJ, h) is an algebraic soliton; then we show 
that these two assumptions always hold for a non-rigid solvmanifold {G,g). 

Lemma 8.10. Suppose [o, a] = and (ad/i)* G E)ei'(g) for any A E a, then {H, h) 
is an algebraic soliton. 

Proof. We denote the orthonormal basis of a by {Ai}^~[ with Ai = ^, and of n by 
{^a}a=i- The assumption that (adyi)* € L)er(g) is equivalent to [adyi, (ad^)*] = 0, 
see [La2' Lemma 4.7]. Under the assumptions in this lemmma we have the simplified 
formulas of Ricci curvatures for A E a and X E n: 



mc{X,X) = --Y,{[X,Xa],Xbf + -Y,{[Xa,Xt],xf-{[N,X],X), 



g = a® n, 



= a' ® n 



Ric(A, A) 



tr5(ad^|„)2 




a,b 



where G a is the mean curvature vector of G given by 



(8 



,8) 




Let N' 



i' be the mean curvature vector of H, then we have 



N' - tr(ad5)C. 
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So the Ricci curvatures of (1), (•,•)) are given by 
mc"{A,A) = Ric{A,A), 
Ric"{A,X) = mc{A,X), 

Ric"{X,X) = Ric(X,X) +tr(ad^)S'(ad^)(X,X). 

By the calculation Ric],, = m|i^|S'(ad^) + A/, so Ric^ = XI + D with 

£> = (m|is:| +tr(ad^))S'(ad4) 

a derivation in [), i.e., {H,h) is an algebraic soliton. □ 

Lemma 8.11. Suppose {G,g) is a solvmanifold with W\,n+m{G, g) ^ {0} which is 
non-rigid, then [a, a] = and (ad^i)' G Der(g) for any Ada. 

Proof. The argument essentially follows the proof of Theorem 4.8 in |La2| . In the 
following we sketch the main steps. Let 

F = S'(adjvo) with No^ N + m\K\^ e a, 

where N is the mean curvature vector of G defined in (|8.8p . then we have 

R^^B + F + mK^E + XI, 

where E{X, Y) ~ {X, ^) {Y, ^) for any X,Y E g, B is the Killing form on g and R is 
the symmetric endoniorphism on g defined in |La2i (22)]. So for any endomorphism 
E on g we have 

tr (^XI+^B + F + mK^E^ E^^ {7t{E)[; ■], [■, •]) . 

Letting first Ei — ad^Vo ^^"^ then E2 being the symmetric endomorphism defined 
by i^2|o = 0, i?2|n = ^ yield the following two equations 

AtrF + tr{F^) = 0, 



"A + trF = \^\\[A,A,]\\' -\Y.\\^Xa,X,r' 

a,b 



The rest of the proof will follow the argument in |La2| and then we have [A^, Aj] = 
and [ad/i- , (ad^i J*] = for any Ai, Aj E a. So a is abelian and (ad/i)* is a derivation 
offl. * ' □ 

Finally, putting this all together, we have the following characterization of non- 
rigid solvmanifolds. 

Theorem 8.12. let {G,g) be a solvmanifold with metric Lie algebra (g, (•, •)) and 
consider orthogonal decompositions of the form g = a® n and a — o', where 
n is the nilradical of g and r is a signed distance function with Vr = — ^. Then 
{G,g) is a non-rigid space with e^^ E W\^n+miG, g) from some constants K and 
m if and only if the following conditions hold: 

(i) (n, (•, •) Inxn) is a nilsoliton with Ricci operator Rici = A/ + Di, for some 
Di E Dcr(n), 

(ii) [a, a] = 0, 

(iii) (adyi)* E T)ci{q) (or equivalently, [ad^i, (ad^i)*] = Oj for all A E a, 

(iv) {A, A) = -itr5(adA)2 for all A E a', 

(v) trS'(ad5)2 = -X-mK^. 
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Proof. From Theorems IS .4l and l8 . 8( (G, g) is a non-rigid space with e^^ £ W\.n+m {G, g) 
if and only if {H, h) is an algebraic soliton, i.e., Ric'^ = XI+D for some D e Der(()), 
and 5(ad^) — aD for some a g R. From [La2, Theorem 4.8], the structure results 
of algebraic solitons on solvmanifolds, we have conditions (i), (ii), (iii) and (iv) for 
any f). In (iii) the fact that (ad^) € Der(0) follows from that 5 (ad^) is a deriva- 
tion. The last condition (v) follows from the facts that Ric(^,^) = — (A -|- mK^) 
and Ric(^,^) = — tr5(ad^)^. It is equivalent to the existence of a such that 
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